Abstract. Microscopic calculations of reactions in light nuclei are very important both for improving our understanding of nuclear structure and dynamics, and especially for studying processes that are very difficult to measure in the laboratory. Many astrophysical reactions fall in the latter category, for example some involved in big-bang nucleosynthesis and solar neutrino production.
INTRODUCTION
Quantum Monte Carlo methods have proven very valuable in understanding the low-lying spectra of light nuclei [1, 2, 3, 4] . These studies have highlighted the importance of including a three-nucleon interaction to obtain correct overall binding of the p-shell nuclei [1] , the ordering of states in 10 B [3] , and in particular the binding of neutron-rich nuclei [4] . Modern calculations have been very successful in reproducing a large number of the experimentally observed nuclear levels up to mass 12 using a three-nucleon interaction (TNI) with only a very few parameters.
In Fig. 1 we show the calculated and experimental spectra in mass 4-12 [5] . For each nucleus, the left column shows the results with a two-nucleon interaction only (in this case the AV18 interaction [6] ), the middle column shows the results with the inclusion of the Illinois-2 (IL2) TNI [4] , and the right column shows the experimental spectra.
IL2 contains the two-pion exchange terms and a shorter-range phenomenological spin-isospin independent repulsion that were present in the previous Urbana IX (UIX) model. In addition, it contains three-pion exchange terms which are important in obtaining greater attraction in neutron-rich systems. The magnitudes of these terms were determined by fitting ground states and narrow resonances in nuclei up to A=8 and not changed afterward. The overall agreement between calculations and observations is excellent.
EXCITED STATES
Recently we have developed methods to calculate not only the ground states of specific quantum numbers, but low-lying excited states as well [7] . This calculation is based on diagonalizing the input variational wave functions in a small basis, and then using these states as constraints for calculations of the whole set of states to be considered.
In Fig. 2 , we show the convergence with imaginary time of the calculations of four 5/2 states in 7 Li. The Green's Function Monte Carlo (GFMC) calculations project out states by applying exp ´H E 0 µτ on an initial set of variational states. As is apparent in the figure, the low-lying narrow states converge very quickly with imaginary time, while the higher states, particularly those which are experimentally very broad, converge more slowly. This is the expected behavior when treating the states as essentially bound states. Very narrow states will have their spectral strength concentrated very much around a single energy, yielding big gaps in the spectrum and hence quick convergence with imaginary time τ. Broader states have their spectral strength spread out over a significant region of energy, and hence will not converge as quickly with imaginary time.
Again, the calculated excited states agree pretty well with the experimental observations. So far, this method has been applied to excited states in A=6-8 nuclei. Figure 3 displays the calculated and observed excitation energies in these nuclei. Even though the agreement is quite good, the comparisons are limited by the fact that the states above particle breakup thresholds are treated as bound in these calculations. Though some crude information about the width is available by examining the convergence with imaginary time, a more direct scheme for calculating these scattering states is highly desirable.
SCATTERING
A wealth of additional experimental information is available in the form of low-energy scattering and reaction data. For very narrow states it is not unreasonable to treat them as bound. In many cases, though, there may be no resonance or the resonances may be rather broad. In order to develop a quantitative theory of nuclear reactions, one must also be able to treat these cases from first principles.
Here we describe methods previously used to calculate low-energy reactions, propose an improved method, and use it to study the low-energy resonances in neutron-α scattering. We study the two low-lying p-wave resonances with J 3 2 and J 1 2, respectively, as well as low-energy s-wave scattering.
In each case we calculate the phase shift as a function of energy for two different models of the threenucleon interaction. We find that there is a significant difference in calculated phase shifts between the simpler UIX model and the more complete IL2 model [4] .
Scattering Methods
The general quantum scattering problem is extraordinarily difficult to solve, especially for more than a few particles and/or when many possible final states are available. For low-energy scattering, though, it is often the case that only two-body breakup is possible, and that there are only one or perhaps a few open channels. A channel is defined as an energetically accessible separation of the constituents into clusters which are noninteracting or interact only through the Coulomb potential. For a one-channel problem, the radial part of the asymptotic relative wave function can be chosen to behave as:
with k Õ 2µE h 2 , E the scattering energy in the CM frame, and r the cluster separation. Methods for solving these one-channel problems have previously been developed. In many Quantum Monte Carlo calculations, one imposes a surface at a chosen radius R 0 where the relative cluster wave function is zero [8, 9] . This converts the scattering problem to an eigenvalue problem where standard Quantum Monte Carlo techniques can be used. In variational Monte Carlo (VMC), an explicit form for the input trial wavefunction Ψ T is assumed, and the variational parameters adjusted to minimize the energy expectation value. Monte Carlo techniques are used to evaluate the spatial integrals required for the minimization. In GFMC, a trial state is evolved in imaginary time τ:
produce the ground state with specific quantum numbers. The propagation is divided into many small steps obtained by iterating G´R R ¼ µ R exp ´H E 0 µδ τ R ¼ acting on the wave function. The boundary condition at R 0 is a simple fixed-node constraint on the wave function, a surface where the wave function is zero. One maps out δ l as a function of energy by varying R 0 and computing the corresponding values of E 0 and δ l . This method has been used recently in exciton-exciton scattering [11] and also in atomic problems [12, 13] .
The method as described suffers from some limitations. For example, at zero energy the s-wave solution is characterized by a scattering length and in many cases there will be no convenient way to impose the nodal surface and obtain a zero energy solution. Indeed, this simplest method always requires very different R 0 for different scattering energies. This is not ideal as the calculation should be done in the smallest possible volume. In this case the energy gaps between levels will be maximized, and the GFMC method will converge more quickly.
Rather than imposing a nodal surface, it is preferable to use a boundary condition of the form:
imposing a specific logarithmic derivative on the radial wave function. Given the energy and the values of R 0 and γ, we can again determine the phase shift. Phase shift may then be determined as a function of energy by varying γ. Details concerning the methods used to enforce the logarithmic derivatives in VMC and GFMC calculations will be published shortly [14] . There are several advantages to this method. The most important is that the volume can be set as small as possible independent of the scattering energy. The required radius depends upon the radius of the scattering constituents plus the range of the nuclear energy, which is usually fairly modest. Keeping the radius fixed also makes it possible to calculate correlated energy differences in the GFMC method for different values of the boundary condition. This may be helpful, for example, in calculating resonance widths.
The method is very similar to the standard R-matrix, except that instead of expanding all states in terms of R-matrix states with specific logarithmic derivatives, we specifically match the logarithmic derivatives to yield the physical scattering energy we are interested in. Physical low-energy scattering states will often correspond directly to the lowest-energy solutions in the interaction region. Many reactions of astrophysical interest will fall under this category. On the other hand, for purposes of developing a more complete understanding of the threenucleon interaction at different momenta, it might be valuable to perform calculations up to 10-20 MeV. In order to reach these energies, this scattering method could be combined with excited state techniques described previously.
It is also possible to solve for cases where there is more than one open channel. Note that in the eigenvalue problems we consider, the wave function is static, so there is no net flux into or out of any channel. In order to completely determine the S-matrix for a case of N ch channels at a particular energy, N ch linearly independent solutions of the Schroedinger equation are needed. These could be obtained either by varying the boundary conditions at the surface, or calculating the derivative of the energy with respect to changes in the logarithmic derivatives.
Initial n-α Scattering Results
Neutron-alpha scattering at low energies provides a convenient test for these methods. The reactions are very well measured and characterized by R-matrix analyses. Computationally, A=5 is not too demanding and the alpha particle is strongly bound, meaning the volume required for the simulation is fairly small. In addition n-α scattering is physically interesting, particularly as a test of three-nucleon interactions. There is no bound state in the A=5 system, but the 3 2 scattering shows a very sharp low-energy resonance. The 1 2 scattering resonance is somewhat broader and higher in energy, and the combination of these two states provide a fairly simple test of spin-orbit splitting in light nuclei. This spinorbit splitting is highly sensitive to the three-nucleon interaction model, as we shall see. In addition, there is a broad resonance at higher energy in the 1 2 · channel. Indeed, since the α-particle is so tightly bound, simple single-channel scattering is physically relevant up to fairly high energies, providing a more complete test of the momentum-dependence of the three-nucleon interaction than is possible with very low-lying states alone.
VMC calculations are used to provide a starting point for GFMC. The general form of wave functions used is described in detail in [1] . In this case the scattering state single-particle s-or p-wave orbitals are obtained as scattering solutions in a Woods-Saxon well constrained to give the desired logarithmic derivative. In the case of the s-wave scattering, we find it advantageous to diagonalize the relative wave function in a small basis of eigenstates in this well, each with the same logarithmic derivative. We have verified that the phase shifts obtained are independent of the radius R 0 from 7 to 9 fm separation up to the statistical accuracy of our calculations.
In Figs. 4 and 5 we present preliminary results for two channels and two different interaction models. In each case the AV18 interaction is used for the two-nucleon interaction. The cases differ by whether UIX or IL2 is the adopted model of TNI. We compare our phase shifts with an R-matrix analysis by Gerry Hale [15] . Neutron-alpha scattering is extremely well characterized by this analysis and the uncertainties in the phase shift are likely to be much smaller than the differences obtained between different calculations. Results for the 1 2 and 3 2 states are presented in Figs. 4 and 5, respectively.
It is well known that two-nucleon interactions alone do not provide sufficient spin-orbit splitting. Our calculations confirm previous results for this case: though there is a significant spin-orbit splitting from AV18, it is only approximately half of what is needed to explain the data. The UIX interaction enhances the calculated spinorbit splitting, and indeed the original Fujita-Miyazawa [16] two-pion exchange TNI was invoked to increase the spin-orbit splitting calculated in light nuclei. Even this enhanced splitting is insufficient to match experiment, however. The IL2 model induces larger spin-orbit splittings in light nuclei, and our n-α scattering calculations provide an example. Indeed the spin-orbit splitting is slightly too large with IL2.
The two TNI models considered here bracket the observed phase shifts. To gauge the possible effect of changing the TNI, we computed the phase shifts that result when a constant energy shift is applied to the GFMC results. This is shown as the open symbols in Figs. 4 and 5. A constant shift of +0.2 MeV of the IL2 results provides excellent agreement with the observed 3 2 phase shifts, and a similar shift of 0.25 MeV is required to precisely fit the 1 2 results. It is important to note that these shifts are a factor of two smaller than the RMS deviation of the fit to 17 narrow states that was used to define the IL2 interaction. UIX requires the same 0.25 MeV shift in the 1 2 energies to match the experimental phase shifts, but to match the 3 2 data requires a shift of 0 6 MeV. This gives a quantitative measure that the spin-orbit splitting is 0 8 MeV larger for IL2 than for UIX. Since our results bracket the observed phase shifts, we conclude that n α scattering can be described by three-nucleon interactions of the type that we use.
CONCLUSION
We are presently developing new techniques for calculating low-energy nuclear scattering from microscopic twoand three-nucleon interaction models. We have applied these methods to multiple channels in neutron-α scattering, and found that recent models of the three-nucleon interaction which have been employed in microscopic studies of bound levels of light nuclei are also quite successful in describing these scattering states.
Remaining small differences could in principle be accommodated by small adjustments to the TNI model. If these calculations can be made sufficiently accurate and extended to higher energies, they could be used provide important additional information on the three-nucleon interaction. In particular the extension to higher energies is quite important because of the additional information on the momentum dependence of the interaction. In this regard it will be useful to employ the excited state techniques described in [7] , and also to further develop techniques used to treat problems with multiple channels.
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